Appendix D

Matrix calculus

From too much study, and from extreme passion, cometh madnesse.
—Isaac Newton [150, §5]

D.1 Directional derivative, Taylor series

D.1.1 Gradients

Gradient of a differentiable real function f(z) : RX R with respect to its
vector argument is defined in terms of partial derivatives

of(z)

ox1

of(x
V)& | o2 | eR¥ (1719)

—

9f ()

OxK

while the second-order gradient of the twice differentiable real function with
respect to its vector argument is traditionally called the Hessian;

m 0%f(x) 9%f(x) . O%f(x)
8:5% 0x10x2 Ox10xK
Pf@) Pl Pf@)
Vif(z) & | 0w20m 922 dz20zrc | € SK (1720)
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The gradient of vector-valued function v(x) : R—RY on real domain is
a row-vector

Vo(r) 2 | 240 24 . dul) | RY (1721)

while the second-order gradient is

Vi) & | Zu Ful . Fe ] e RY (1722)

Gradient of vector-valued function h(z) : R —R" on vector domain is

[ Ohi(x) Ohao(x) . Ohn (x)
(9:B1 5:B1 81‘1
Ohi(z) Oho(z) . Ohn(2)
Vh(JT) é Oxo Oxo Oxo
: : ; (1723)
Ohi(z) Oha(z)  Ohn(z)
Ok Ok Oz

= [Vhi(z) Vhy(x) --- Vhy(x)] € RF*Y

while the second-order gradient has a three-dimensional representation
dubbed cubiz ;P!

B Oh1(z) Oha(x) Ohn (z) ]
\ affcl ail vaLxl
Oh1(z) Oho(z) . Ohn (x)
VQh(x) 4 \ .8122 Vv <j9gc2 \ <.9:1:2
: : : (1724)
Ohi (z) Oha(z) Ohy (x)
| \ a;:K \ aiK eV aZK

= [V2hy(z) V2hy(z) -+ V2hy(x)] € REXN*E

where the gradient of each real entry is with respect to vector z asin (1719).

D-1The word matriz comes from the Latin for womb; related to the prefix matri- derived
from mater meaning mother.
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The gradient of real function g(X): R***—R on matrix domain is

99(X)  99(X) dg(X)
0X11 0X12 8X1L
9g9(X)  99(X) dg9(X)
vg(X) é 0X21 0X22 0Xor, c RKXL

99(X) 89(.X ) . 99(X)

| 0Xx1 OXk2 0Xrkr | (1725)

[ Vx(n) 9(X)

= VX(%Q)g(X) c RlexL

| VX(:,L) Q(X) ]

where the gradient Vy(.; is with respect to the i*™ column of X. The
strange appearance of (1725) in RE>IXL 45 meant to suggest a third dimension
perpendicular to the page (not a diagonal matrix). The second-order gradient
has representation

99(X) 99(X) dg(X) 7
\ 89X11 \Y 3gX12 \Y% 8gX1L
99(X) 99(X) dg(X)
V2g(X) £ \ (9gX21 Vv Bngg \Y agX2L c RKXLXKXL
99(X) o d9(X) 9g(X)
vaXKl V8XK2 8%(1@

- - - (1726)

_ VVx(,2 9(X) € REXIXLxKXL

VVx(n) 9(X)]

where the gradient V is with respect to matrix X .



660 APPENDIX D. MATRIX CALCULUS

Gradient of vector-valued function g(X) : R¥** R on matrix domain
is a cubix

[ Vi 01(X) Vg g2(X) -+ Vg gn(X)
Vg(X) 2 Vx(..2) 91()‘() Vx(.2) 92().() o Vo) gn(X)

VX(:,L)gl(X) VX(:,L)92(X) VX(:,L)QN(X)]

=[Vgi(X) Vga(X) -+ Vgn(X)] € R (1727)

while the second-order gradient has a five-dimensional representation;

[VVX(:,1)91(X) VVsin) g2(X) -+ V¥V gn(X)
Vig(X) = VVx (2 g1(X) VVx( 2 g2(X) -

. VVX(;,Q) QN(X)

VVX(:,L)gl(X) VVX(;,L)gz(X) VVX(:,L)QN(X”

= [V2qu(X) V2ga(X) -+ Vigy(X)] € REFEAE (1728)

The gradient of matrix-valued function g(X): R®**—RM*Y on matrix

domain has a four-dimensional representation called quartiz (fourth-order
tensor)

Vgu(X) Vgn(X) - Van(X)

Vg(X) & V92T(X) V92?(X) V92J\:f(X) € RMXNxKXL (1729)

Vour(X) Vgar(X) - Vgun(X)
while the second-order gradient has six-dimensional representation

V2011 (X)  V2g1(X)

V3gin(X)
Vig(X) £ V201 (X)  VZg2(X) V2n(X) | ¢ RMxNxExLxExL
vgng(X) v2gM2<X> VngN(X)

(1730)
and so on.
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D.1.2 Product rules for matrix-functions
Given dimensionally compatible matrix-valued functions of matrix variable
f(X) and g(X)

Vx (f(X)'9(X)) = Vx(f)g + Vx(9) f (1731)

while [51, §8.3] [309]

Vi tr(F(XJg(X)) = Vx (sr(f(X'g(2) + tr(9(X) f(2)7))| ~ (1732)

Z+—X

These expressions implicitly apply as well to scalar-, vector-, or matrix-valued
functions of scalar, vector, or matrix arguments.

D.1.2.0.1 Example. Cubiz.
Suppose f(X): R**?—R? = XTg and ¢(X): R*?*—R? = Xb. We wish
to find

Vx (f(X)'g9(X)) = Vxa"X?b (1733)

using the product rule. Formula (1731) calls for
Vx a"X? = Vx(X'a) Xb + Vx(Xb) X'a (1734)
Consider the first of the two terms:

Vx(f>g = Vx(XT(Z) Xb

— [V(XTa); V(XTa)y] Xb (1735)

The gradient of X" forms a cubix in R?*?**?: a.k.a, third-order tensor.
[ oxTy 9(XTa) 1
3 en L e 2 (1736)
0(XTa), | ‘ “““““““““““ 9(XTa)y (Xb)l
0X12 0X12
Vx(XTa) Xb = \ € R 1x2
oXTay | 9(XTa)
0X21 : 0X21 : (Xb)2
ox%ay, - (X Ta)2
N 8X22 8X22
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Because gradient of the product (1733) requires total change with respect
to change in each entry of matrix X, the Xb vector must make an inner
product with each vector in the second dimension of the cubix (indicated by
dotted line segments);

aq 0

b1 X11 + b X9 c R2¥1x2
b1 Xo1 + by X9

0 (1737)

_ [ a1 (b1 X114 b2 X12)  a1(b1Xo1 + baXoo) € R2*2
| ap(01 X1 + 02 X1)  ap(b1Xo1 + by Xoo)

= abTXT

0 a
Vy (XTa) Xb = ' {
a9 0

where the cubix appears as a complete 2 x 2 x 2 matrix. In like manner for
the second term Vx(g) f

by 0

Vi (Xb) X o0 [
a =
* 0 by

0 b
= XTab" € R**?

Xi1ar + Xoas 2x1x2
Xiza1 + Xozas (1738)

The solution
Vxa'X?h = ab" X"+ XTab" (1739)
can be found from Table D.2.1 or verified using (1732). O

D.1.2.1 Kronecker product

A partial remedy for venturing into hyperdimensional matrix representations,
such as the cubix or quartix, is to first vectorize matrices as in (37). This
device gives rise to the Kronecker product of matrices ® ; a.k.a, direct
product or tensor product. Although it sees reversal in the literature,
(321, §2.1] we adopt the definition: for A€ R™ " and BeRP*?

BHA BlgA quA

BQlA BQQA BQqA

B A2 € Rpmxan (1740)

BpA BpA -+ B,A
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for which A®1=1® A=A (real unity acts like identity).

One advantage to vectorization is existence of a traditional
two-dimensional matrix representation (second-order tensor) for the
second-order gradient of a real function with respect to a vectorized matrix.
For example, from §A.1.1 no.33 (§D.2.1) for square A, B€R™ " [162, §5.2]
12, §3)

V2

vec X

tr(AXBXT) = V2_, vee(X)'(B"®@A) vec X = BoA™+ B'@A ¢ R

(1741)
To disadvantage is a large new but known set of algebraic rules (§A.1.1)
and the fact that its mere use does not generally guarantee two-dimensional
matrix representation of gradients.

Another application of the Kronecker product is to reverse order of
appearance in a matrix product: Suppose we wish to weight the columns
of a matrix S € RM™*N  for example, by respective entries w; from the main
diagonal in

w1 0
W & c sV (1742)
OT wN
A conventional means for accomplishing column weighting is to multiply S
by diagonal matrix W on the right-hand side:

w1 0
SW=2_8 =[S, Dwy - S(:,N)wN}ERMXN (1743)
OT WN
To reverse product order such that diagonal matrix W instead appears to
the left of S: for 1€ S (Sze Wan)

S(:,1) 0 0
sw=@Ewlern| ° S(fj 2) e RMN  (1744)
0 | O' S(:,N)
To instead weight the rows of S via diagonal matrix We SM, for Te SV
S(1,:) 0 0

ws=| O 523 GOV) ® I) € RM*N  (1745)

0 0 S(M, )
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For any matrices of like size, S,Y € RM*N
S(:,1) 0 0
Soy=[a(Y(:, 1)) --- o(v(, N ]| ° S(_‘j 2) e RMxN
0 | O' S(:,N)
(1746)

which converts a Hadamard product into a standard matrix product. In the
special case that S=s and Y=y are vectors in R

soy=14(s)y (1747)
TRy = ysT
L (1748)

D.1.3 Chain rules for composite matrix-functions

Given dimensionally compatible matrix-valued functions of matrix variable

f(X) and ¢(X) [214, §15.7]
Vx g(f(X)') = Vxf' Vg (1749)

VEg(f(X)F) = Vx(VafTVrg) = Vif Vg + VxfTVPg Vf (1750)
D.1.3.1 Two arguments

Vxg(f(X)", h(X)") = Vx ' Vg + Vxh' Vig (1751)

D.1.3.1.1 Example. Chain rule for two arguments. [41, §1.1]

g(f(@)", h(x)") = (f(x) + b)) A(f(2) + h(z)) (1752)

o= =] ] (1753)
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Vg (f(@f, h(z)") = { e 128 }(A+AT)({ . } + { . D
(1755)
lim V, g(f(@)", h(z)") = (A+ A"z (1756)

from Table D.2.1. O

These foregoing formulae remain correct when gradient produces
hyperdimensional representation:

D.1.4 First directional derivative

Assume that a differentiable function g(X): R***—RM*Y has continuous
first- and second-order gradients Vg and V?2g over dom g which is an open
set. We seek simple expressions for the first and second directional derivatives

—Y —Y
in direction YER®*L: respectively, dg € R™*YN and dg? € RM*V,
Assuming that the limit exists, we may state the partial derivative of the
mn'™ entry of g with respect to the kI*® entry of X ;
Ogmn(X) _ . Gmn (X + At egel) — gmn(X)
anl At—0 JAN?

eR (1757)

where e, is the £ standard basis vector in R¥ while ¢; is the [ standard
basis vector in RY. The total number of partial derivatives equals KLMN
while the gradient is defined in their terms; the mn™ entry of the gradient is

[ 9gmn(X)  Ogmn(X)  9gmn(X) 7
8X11 3X12 BXIL
gmn(X)  Ogmn(X)  Ogmn(X)
Vgmn(X) = | 0% 2 0Xu | e RMXE (1758)
gmn(X)  Ogmn(X)  Ogmn(X)
8XK1 8AXKQ aXKL

while the gradient is a quartix
Vg (X) Vg (X) -+ Van(X)
Vg(X) = V92%(X) ng?(X) V921\‘I(X) € RM*NXKXL (1750)

Vgﬁl(X) VgM‘Q(X) VgMZ‘V(X>
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By simply rotating our perspective of the four-dimensional representation of
gradient matrix, we find one of three useful transpositions of this quartix
(connoted T;):

9dg(X) 99(X) .. 99(X)
0X11 0X19 0X1r,
- 29(X) 99(X) ... 99(X) Ko L M N
Vg(X)l1= | 9% 9 OXa | g RIFEXMx (1760)
99(X) B9(X) . Bg(X)
0X K1 0X K2 0X k1,

When the limit for At€R exists, it is easy to show by substitution of
variables in (1757)

gmn(X + At Ykl ekerlr> - gmn(X)
At

OGmn(X)

R 1761
e S (1761)

}/kl = lim
At—0

which may be interpreted as the change in g¢,,, at X when the change in X},
is equal to Yy , the kI™ entry of any Y € RE*F. Because the total change
in gmn(X) due to Y is the sum of change with respect to each and every
X, the mn'™ entry of the directional derivative is the corresponding total
differential [214, §15.8]

AGmn (X
Agmn (X)|gx oy = Z@T(kl)ykl = tr(Vgmn(X)'Y) (1762)
k,l
mn(X + At Yig e el) — gon(X
=N iy I KAV E) = gnn(X) ey
7 At—0 At
X 4+ AtY) = grn(X
i I X ALY) = gn(X) (1764)
At—0 At
= | gun(X+1Y) (1765)
dt|,_g

where t€R. Assuming finite Y, equation (1764) is called the Gdteauz
differential [40, App.A.5] [195, §D.2.1] [351, §5.28] whose existence is implied
by existence of the Fréchet differential (the sum in (1762)). [244, §7.2] Each
may be understood as the change in g¢,,, at X when the change in X is equal
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in magnitude and direction to Y .P-2 Hence the directional derivative,
dg1(X)  dgia(X) dgin (X)
—-Y dgor (X)  dgeo(X dgon (X
dg(X) 2 921'( ) 922'( ) 921\{( ) c RM*N
dgai (X)) dgn(X) dgrn (X) XY
[ tr(VgH(X)TY) tr(Vglg(X)TY) tr(VglN(X)TY)
_ tr(Vggl (X)TY> tr(Vggg(X)TY) tr(VggN(X)TY)
| tr(Vgan (X)TY) (Vgra(X)TY) tr(Vgun (X)TY)
i 9911 9912 9g1n (X)
Z ganl Z ganl Z g(;f)v(kl Yl
k,l k.l k,l
dg 2 dg 2 9gan (X)
Ny, Ny, ... Y,
= | kl . kL i el 8)‘(“ . (1766)
o 0931 (X) D93 (X)
X é\g{’“l kil o TH Kl gg{v’“l : ]
from which it follows
Z Ykl (1767)

Yet for all X €domg, any YERX XL, and some open interval of t€R

—Y
gX+1tY)=g(X) + tdg(X) + o(t?) (1768)
which is the first-order Taylor series expansion about X . [214, §18.4]

(149, §2.3.4] Differentiation with respect to ¢ and subsequent t-zeroing
isolates the second term of expansion. Thus differentiating and zeroing
g(X+1Y)in t is an operation equivalent to individually differentiating and
zeroing every entry gm,(X+tY') as in (1765). So the directional derivative

of g(X) : RE*FSRM*N i any direction Y € R¥*% evaluated at X € dom g
becomes v p
dg(X) = o g(X+1tY) € RN (1769)
t=0

D-2 Although Y is a matrix, we may regard it as a vector in REL
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Vo f(a)

—Vz f(a)

3df ()

>

Figure 157: Strictly convex quadratic bowl in R*xR; f(z)=2"2: R* =R
versus x on some open disc in R?.  Plane slice OH is perpendicular
to function domain. Slice intersection with domain connotes bidirectional
vector y. Slope of tangent line 7  at point («, f(«)) is value of V,f(a)ly
directional derivative (1794) at « in slice direction y. Negative gradient
—V,f(x) € R? is direction of steepest descent. [368] [214, §15.6] [149] When
vector v € R? entry v is half directional derivative in gradient direction at o

and when { 21 } =V, f(«a), then —v points directly toward bowl bottom.
2

271, §2.1, §5.4.5] [33, §6.3.1] which is simplest. In case of a real function
g(X): RE*ILR

dg(X) = (Vg(XTY)  (1791)
In case g(X): RF—=R
dg(X) = Vg(X 'Y (1794)

Unlike gradient, directional derivative does not expand dimension;
directional derivative (1769) retains the dimensions of g. The derivative

with respect to ¢ makes the directional derivative resemble ordinary calculus
—Y
(§D.2); e.g., when g(X) is linear, dg(X) = g(Y). [244, §7.2]
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D.1.4.1 Interpretation of directional derivative

In the case of any differentiable real function ¢(X):R***—R, the
directional derivative of ¢g(X) at X in any direction Y yields the slope of
g along the line {X+tY |t € R} through its domain evaluated at ¢=0.
For higher-dimensional functions, by (1766), this slope interpretation can be
applied to each entry of the directional derivative.

Figure 157, for example, shows a plane slice of a real convex bowl-shaped
function f(z) along a line {a+ ty |t € R} through its domain. The slice
reveals a one-dimensional real function of t; f(a+ty). The directional
derivative at = =a in direction y is the slope of f(a + ty) with respect
to t at t=0. In the case of a real function having vector argument
h(X): RE—=R , its directional derivative in the normalized direction of its
gradient is the gradient magnitude. (1794) For a real function of real variable,
the directional derivative evaluated at any point in the function domain is
just the slope of that function there scaled by the real direction. (confer §3.7)

Directional derivative generalizes our one-dimensional notion of derivative
to a multidimensional domain. When direction Y coincides with a member
of the standard Cartesian basis egel (60), then a single partial derivative
0g(X)/0Xy is obtained from directional derivative (1767); such is each entry
of gradient Vg(X) in equalities (1791) and (1794), for example.

D.1.4.1.1 Theorem. Directional derivative optimality condition.
(244, §7.4] Suppose f(X): R¥** =R is minimized on convex set C C RP*
by X*, and the directional derivative of f exists there. Then for all X € C

— XX
df(X) >0 (1770)
o
D.1.4.1.2 Example. Simple bowl.
Bowl function (Figure 157)
f): RE=R 2 (z—a)(z—a)—b (1771)

has function offset —b € R , axis of revolution at x = a, and positive definite
Hessian (1720) everywhere in its domain (an open hyperdisc in R¥); id est,
strictly convex quadratic f(z) has unique global minimum equal to —b at
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r=a. A vector —v based anywhere in dom f x R pointing toward the
unique bowl-bottom is specified:

r—a K
R* xR 1772
Uoc{f(x)—kb}e X (1772)
Such a vector is
Vi f (@)
v = 9100 (1773)
3 df (x)
since the gradient is
V.f(z) = 2z — a) (1774)
and the directional derivative in the direction of the gradient is (1794)
df(zx) = Vuf(2)' Vuf (@) = 4z —a)' (z —a) = 4(f(x) +b)  (1775)
O

D.1.5 Second directional derivative

By similar argument, it so happens: the second directional derivative is
equally simple. Given g(X) : RF*FSRM*N on open domain,

i 829mn(X) 829mn(X) . 829mn(X) ]
0X110X11 0X10X12 0Xp10X1r,
2 2 2
a X av X 89mn(X) 8gmn(X) . 69mn(X)
gmn( ) _ gmn( ) _ 0X 110X 21 0X 110X 22 09X 110Xar, c RKXL (1776)
X, X1 . . .
Pgmn(X)  Pgmn(X) . Pgmn(X)
L 0Xi0XKk1 O0Xp0Xko 0Xp0Xkr
[ 8gmn(X) 8gmn(X) . agmn(X) 7
v 0X11 v 0X19 v 0X1r,
Ogmn(X)  799mn(X) | 17 9gmn(X)
v2gmn(X) — 0Xo1 X290 0Xor, c RKXLXKXL
Ogmn(X) Ogmn(X) . Ogmn(X)
\ 0X K1 \ 0X K2 \ O0XKkL
(1777)
B 6ngn(X) 8V97nn(X) . avg’mn(X)
0X11 0X12 0X1r,
OVgmn(X) OVgmn(X) . 9OVgmn(X)
— 0X21 0Xa9 0Xor,
NVgmn(X)  OVgmn(X)  9Vgmn(X)
0X K1 0X k2 OX KL
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Rotating our perspective, we get several views of the second-order gradient:

V2911(X) V2912(X) s V291N(X)
VQQ(X) _ V2921(X) v2922(X> T V292N(X) c RMXNXKXLXKXL (1778)
Vi (X) Viguae(X) - VZgun(X)
9g9(X) 99(X) 9g9(X)
89)(11 v éleg V a%(lL
9g9(X) 99(X) 99(X)
VQQ(X)Tl V 8X21 V (9:X22 v 8')(2L G RKXLXMXNXKXL (1779)
dg(X) a'(x) 99(X)
v 8g(Kl \ 3!;(1(2 \ 3§(KL
oVg(X) 9ovVg(X) . 9VgX)
0X11 0X12 0X1r,
oVy(X) 9Vg(X) oVg(X)
V2g(X)T2 — 90X, 90X T 90X, c RKXLXKXLXMXN (1780)
OVy(X) OVe(X) . OVe(X)
8XK1 8XK2 8XKL

Assuming the limits exist, we may state the partial derivative of the mn'™

entry of ¢ with respect to the kl'" and 5" entries of X ;

02%gmn(X) lim gmn(X+At e ef +AT e €T ) —gmn(X+ALey e ) — (gmn (X+Are, eJT)—gmn(X)>
00X 8Xij - AT, At—0 AT At

(1781)
Differentiating (1761) and then scaling by Y;;
02gmn(X) ST Ogmn (X +At Yy e, e;r)fagmn(X) 3
X1 0X mYij = lirfo X1, At Yij (1782)
— lim Imn(X+At Yy e eT+AT Y e, e]T)—gmn(X—i-At Yii e, ef)— (gmn (X+ATYj e, e;r)—gmn (X))

AT, At—0 AT At
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which can be proved by substitution of variables in (1781). The mn'®
second-order total differential due to any YeR**% ig

9? Grrn (X T
G (X)ax—y = ZJZ XA O9unlX)y, v, = = tr(Vx tr(Vgun (X)'Y)"Y) (1783)

i\
(X +2AtY) — 2g,(X + ALY i (X
At~>0 At?
d2
= mn( X+ 1Y 1786
G|, g X tY) (1786)
Hence the second directional derivative,
d?g11(X)  d%g12(X) - dPqin(X)
-y d%g1 (X))  d?g0(X) -+ d%gon(X
dg?(X) N 92%( ) 92?( ) 92J'V( ) c RMxN
d*gar(X)  d7gar2(X) d*gun (X) | vy
[ (Ve (Von (XY)'Y) u(Vir(Vn(XPY)Y) (Vi (Van(X)1Y)'Y)
(V (Vggl( > tr (Vtr Vgaa(X Y)TY> ceetr (Vtr(VggN(X)TY)TY>
tr(Vr(Voun (X)'Y)'Y) (Tt Vona(X FY)Y) - Te(Tanw(XY)'Y)
%11 9%g1 92 X 7
Z Z axgkl aX Y;j Z Z axgkfax Y;j T Z £ a)f:lNa(X; Yszij
7 ’ Z7] 9
%921 9%g2a( 9%gan (X)
_ ZZ 8ngl o ViV ZZ ax‘il oYYy o 2 > 53 0, YhiYis
- 7 /[/7] k]
82 02 02 ' X
Z Z 8)?21“8X k1 Yij Z Z a)?,f;gx MY ) 2 a)?—fj’g&ij YiuYi;
. 7 7 27-7 b
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from which it follows

2]: Z 8Xkl aX X X, MY aX (1788)

Yet for all X edomg, any YeRX*L and some open interval of t€R

—Y

%ﬁ d2(X) + oft®)  (1789)

—Y
g(X+tY)=g(X) + tdg(X) +
which is the second-order Taylor series expansion about X . [214, §18.4]
(149, §2.3.4] Differentiating twice with respect to ¢ and subsequent t-zeroing
isolates the third term of the expansion. Thus differentiating and zeroing
g(X+1tY) in t is an operation equivalent to individually differentiating and
zeroing every entry gm,(X+1tY) as in (1786). So the second directional
derivative of g(X): R RM*N becomes [271, §2.1, §5.4.5] [33, §6.3.1]

—Y 2

dg*(X) = aE |, (X+tY)€RMXN (1790)

which is again simplest. (confer(1769)) Directional derivative retains the
dimensions of g.

D.1.6 directional derivative expressions

In the case of a real function g(X) : RF**—=R | allits directional derivatives
are in R:

dg(X) = tr(Vg(XT'Y) (1791)

—Y

dg*(X) = tr(VX tr(Vg(X)TY)TY> = tr (VX Eg;(X)TY) (1792)

Eg%(X) = tr (VX tr(VX tr(Vg(X)TY)TY>TY> = tr (vX JgY?(X)TY> (1793)
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In the case g(X): R¥ =R has vector argument, they further simplify:

dg(X) = V(XY (1794)
(;gyz(X) =Y'Vi(X)Y (1795)
(;}(X) — Vx (YTV2(X)Y)' Y (1796)

and so on.

D.1.7 Taylor series

Series expansions of the differentiable matrix-valued function ¢(X), of
matrix argument, were given earlier in (1768) and (1789). Assuming g(X)
has continuous first-, second-, and third-order gradients over the open set
dom g, then for X € domg and any Y € R¥*L the complete Taylor series
is expressed on some open interval of peR

9(X4pY) = g(X) + pdg(X) + S dg*(X) + o dg’(X) + o) (1797)

or on some open interval of ||Y]|s

Y -X —-Y-X —-Y-X

9() = g(X) + dg(X) + S’ (X) + 2dg(X) + o(IV])  (1798)

which are third-order expansions about X . The mean value theorem from
calculus is what insures finite order of the series. [214] [41, §1.1] [40, App.A.5]
[195, §0.4] These somewhat unbelievable formulae imply that a function can
be determined over the whole of its domain by knowing its value and all its
directional derivatives at a single point X .

D.1.7.0.1 Example. Inverse matrixz function.
Say g(Y)=Y 1. From the table on page 680,

—Y d
dg(X) = g gX+tY) = -x'yx (1799)
t=0
HYZ ? 1 1 1
dg*(X) = pre) tié}(X—l—tY) =2X 'YXy X~ (1800)
—Y d3
dg*(X) = -3 gX+tY) = -6X 'YX 'YX lyx! (1801)
t=0
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Let’s find the Taylor series expansion of g about X =1: Since g(/)=1, for
IVls<1 (u=11in (1797))

gI+Y)=(I+Y) ' =T-Y+Y*’-Y*+ ... (1802)

If Vissmall, (/+Y)?'~I-Y .P3 Now we find Taylor series expansion
about X :

gX+Y) = (X4Y) ' = X' XTYX 42X lYXTly X - L

(1803)
If Vissmall, (X +Y)!'~X"1- X lyx-1 O
D.1.7.0.2 Exercise. log det. (confer [59, p.644])
Find the first three terms of a Taylor series expansion for logdet Y . Specify
an open interval over which the expansion holds in vicinity of X . v

D.1.8 Correspondence of gradient to derivative

From the foregoing expressions for directional derivative, we derive a
relationship between the gradient with respect to matrix X and the derivative
with respect to real variable ¢ :

D.1.8.1 first-order

Removing evaluation at ¢t =0 from (1769),P* we find an expression for the
directional derivative of ¢(X) in direction Y evaluated anywhere along a

line {X+tY | t € R} intersecting dom g
Y d
dg(X+1Y) = Zg(X+1Y) (1804)

In the general case g(X): RF*CRM*N from (1762) and (1765) we find

tr(Vyx gn (X +tY)'Y) = %gmn(XvL tY) (1805)

D-3Had we instead set g(Y)= (I + Y)~!, then the equivalent expansion would have been
about X =0.
D-4Justified by replacing X with X+¢Y in (1762)-(1764); beginning,

OGmn(X+1tY
dgmn (X +tY)|gx_y =D #Ykl
k,l
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which is valid at ¢ =0, of course, when X € domg. In the important case

of a real function g(X): RE¥** =R | from (1791) we have simply

d
tr(Vx g(X+tY)'Y) = TIXFtY)

When, additionally, g(X): R® =R has vector argument,

d
VkﬂX+tYFY:7%ﬁX+tY)

D.1.8.1.1 Example. Gradient.
g(X) = w"™X"Xw, Xe Rt weRE. Using the tables in §D.2,
tr(Vx g(X+tY)Y) = tr(2uw™(XT+tYT)Y)
= 20N (XY +tYTY )w
Applying the equivalence (1806),
;%gx+¢y)—»%wﬂx+tYf@x+ﬂqw
= v (XY +Y'X +2tY"Y)w
= 20T (XY +tYY)w
which is the same as (1809); hence, equivalence is demonstrated.
It is easy to extract Vg(X) from (1812) knowing only (1806):

tr(Vx g(X+tYJY) = 20T(XTY+tYTY)w
= 2tr(ww(XT+tYT)Y)
tr(Vxg(X)'Y) = 2tr(ww'™XTY)
=
Vxg(X) = 2Xww?

D.1.8.2 second-order

Likewise removing the evaluation at ¢t =0 from (1790),

—Y 2
dP(X+tY) = ——g(X+1tY)

(1806)

(1807)

(1808)
(1809)

(1810)

(1811)
(1812)

(1813)

(1814)

we can find a similar relationship between the second-order gradient and the
second derivative: In the general case g(X) : RF*FRM*N from (1783) and

(1786),
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d2
tr(VX tr(VXgmn(XthY)TY)TY) = s gun(X+1Y) (1815)
In the case of a real function g(X): R¥*Y =R we have, of course,
T T d2
tr<VXtr(VX9(X+tY) Y) Y) = 59X +1Y) (1816)

From (1795), the simpler case, where the real function g(X): R* =R has
vector argument,
2

YIVig(X+tY)Y = @g()u tY) (1817)
D.1.8.2.1 Example. Second-order gradient.
Given real function g(X)=logdet X having domain intS¥ , we want to
find V2g(X)e RFFXEXE - From the tables in §D.2,
hX) £ Vg(X) = X 'eintSE (1818)
so V2g(X)=Vh(X). By (1805) and (1768), for Y € S*
tr (VA (X)'Y) = 2| Bnn(X+ 1Y) (1819)
=0
d
= (d X—i—tY)) (1820)
= ( X—l—tY ) (1821)
= X YX N (1822)

Setting Y to a member of {e,ef € R“*¥ |k I=1... K}, and employing a
property (39) of the trace function we find

V29(X )yt = tr(thn(X)Tekel) = Vhun (X)) = —(XflekelTXfl)mn
(1823)
V29(X)u = VA(X)u = —(X e/ X 1) e RF*E (1824)

O

From all these first- and second-order expressions, we may generate new
ones by evaluating both sides at arbitrary ¢ (in some open interval) but only
after the differentiation.
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D.2 Tables of gradients and derivatives

e Results may be numerically proven by Romberg extrapolation. [105]
When proving results for symmetric matrices algebraically, it is critical
to take gradients ignoring symmetry and to then substitute symmetric
entries afterward. [162] [63]

e a,beR", z,ycRF A BeR™" X, YeRK*F ¢ ueR,
1,7,k 0, K,L,m,n,M,N are integers, unless otherwise noted.

e 2/ means J(d(z)") for peR ; id est, entrywise vector exponentiation.
§ is the main-diagonal linear operator (1391). 2°2 1, X°2£ [ if square.

d
E —Y —Y
o L 21 | dg(zx), dg¥(z) (directional derivatives §D.1), logz, e?,
d
dzy

|z|, sgnz, z/y (Hadamard quotient), /= (entrywise square root),
etcetera, are maps f : R¥ — R* that maintain dimension; e.g., (§A.1.1)

d
%x_l £ v, 155(x)™"1 (1825)

e For A a scalar or square matrix, we have the Taylor series [75, §3.6]

=1
A A k
hEN 4 (1826)
k=0
Further, [325, §5.4]
e =0 VYAecST (1827)

e For all square A and integer k

det® A = det A* (1828)
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D.2.1 algebraic

679

V,z=V,zT = I e RF*k
Ve(Az —b) = AT
V,(2TA-bT) = A

Ve(Az — by (Az — b) = 2AT(Az — b)
V2(Az — b)Y (Az — b) = 2A4TA

Vel Az —b]| = AT(Az — b)/|| Az — b]

V2T |Az — b = ATS(2) sgn(Az —b), 2,40 = (Az —b); #0

V1T f(|Az — b)) A%(‘”{};’) )sgn(Axb)

y=|Az—b|
Vo (zTAz 4+ 22™By + yTCy) = (A+ AT)z + 2By

V(2 +y)TA(z + y) = (A+AT)(z + y)
V2(xTAx + 22 By + yTCy) =A+AT

x

V, aTzTeb = 22aTh

V. atzzTh = (ab™ + ba™)x
V, aYzTxa = 22aTa

V, aYzxTa = 2aaTx
V. a*yzTh = baTy
V. aTyTrb = ybTa
V. azyTh = ab™y

Ve a'zTyb = ya™b

VXX:VXXTé IERKXLXKXL

Vyx atXb = Vx bTXTa = abT
Vyx atX2b = XTabT+ a7 XT
X TapTX-T

ax!
X

Vx aTXTXb = X (abT + baT)

Vx aTX~1b =

Vx (X Y

Vx aTXXTh = (ab + baT) X
Vyx a*XT™Xa = 2Xaa®

Vx a™XXTa =2aa™X

Vx a®YXTh =ba'Y

Vyx a'YTXb = Yab®

Vx a™XYTh = abTY

Vx a™XTYb = Yba®

(identity)

confer

=—X"leef X1, (1760
k€l

(1824)
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algebraic continued

L(X+tY)=Y

ABT(X+tY) A= -BY(X+tY)'Y(X+tY)'A
ABT(X+tY) TA=-BY"(X+tY) TYT(X+tY) A
ABT(X+tY)rA=.., -1<p<1, X,YeSY

CRBTX4+tY) A= 2BT(X+tY)'Y(X+tY) 'Y (X+tY) 4

dt?

d?> pT 14 _ T -1 -1 -1 -1
LBYX+tY) TA= —6BY(X+tY) 'Y(X+tY) 'V(X+1Y) 'V(X+tY) !4
X+ tYAX+1Y)) = YAX + XTAY + 2t VAV
C(X+tYJA(X+1Y)) = 2YAY

LX+tY)AX+1Y)) = YAX 4+ XAY + 2t YAY

d>? _
L((X+tY)A(X+1Y)) = 2YAY

D.2.1.0.1 Exercise. FEzpand these tables.
Provide unfinished table entries indicated by ... throughout §D.2. v

D.2.1.0.2 Exercise. log. (§D.1.7)
Find the first four terms of the Taylor series expansion for logx about z =1.
Prove that logz < x—1; alternatively, plot the supporting hyperplane to

T 1
the hypograph of logx at [logm} = {0 } . v

D.2.2 trace Kronecker

Viee x tt(AX BXT) = Vieex vee(X)T(BT® A)vec X = (B AT + BT® A)vec X

V2. xtr(AXBXT) = V2 vec(X)'(BT®@ A)vecX = BRAT + BTe A

vec vec
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D.2.3 trace

Ve px=pl VxtrpuX =Vxptr X =pul

VelT(@) 1 =Lat =22 | Vxtr X !'=-X27

V,118(x) "ty = —6(z) 2y Vxtr(X 1Y) =Vxtr(YX 1) = - X TyTx-T

dix“*;m:“ L Vx tr X# = pX+=t, XesM

Ve(b—aTr)™t = (b—aTr)"2a
V(b —aTo)* = —pu(b — aTr)*~1a

VeaTy=VoyTz =y

Vx tr X7 = jXxG-DT

Vx tr((B — AX)~1) = ((B — AX)~24)"

Vx tr(XTY) = Vy tr(Y XT) = Vy tr(YTX) = Vx tr(XYT) = V

Vx tr(AXBXT) = Vx tr(XBXTA) = ATXBT + AXB
Vx tr(AXBX) = Vxtr(XBXA) = ATXTBT 4+ BTXTAT

Vx tr(AXAXAX) = Vx tr(XAXAXA) = 3(AXAXA)T
k—1 ] T
Vx tr(YX*) = Vx tr(X*FY) = 3 (XY Xk—177)
i=0
Vx tr(YIXXTY) = Vx tr(XTYYTX) = 2YYTX
Vx tr(YIXTXY) = Vx tr(XYYTXT) = 2XYYT
Vxtr(X+Y)T(X+Y))=2X+Y) = Vx[|[ X+ Y|}
Vx tr((X + Y)( +Y)) =2(X+Y)
Vx tr(ATXB) = Vxtr(XTABT) = ABT
Vx tr(ATX'B) = Vx tr( X "TABT) = - X~TABTX T

Vx atXb =Vx tr(baTX) = Vx tr(Xba®) = abT
Vyx bTXTa = Vy tr(XTab?) = Vx tr(abTXT) = ab™
Vx a'™X 1 = Vx tr(XTabl) = - X "TapTX T
VX aTXHb = ...
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trace continued

Lirg(X+tY)=tr4g(X+tY) [199, p.491]
%tr(X+tY) =trY

LI (X+tY) =jtrl (X +tY)trY

(X 4+1Y) = jar((X+1Y V1Y) (V)
Lir(X+tY)Y) =try?

Lir((X+tY)PY) = L ep(Y(X+tY)) = ktr(X+tY)F'Y?) | ke{0,1,2}

k—1
Lar(X+tY)Y) = L ep(Y(X+tY)r) =tr ;)(X+tY)iY(X+tY)’“—1—iY
Lar((X+tY)Y)  =—tr(X+tY)'Y(X+tY)'Y)
Lir(BYX+tY)'A) = —tr(BT(X+tY) 'Y (X+tY)A)
4 tr(BT(X+tY)TA) = —tr(BT(X+tY) TYT(X+tY) T4)
Lir(BY(X+tY)™A) =.., k>0
4r(BT(X4+tY)HA) =.., —1<pu<l, X,vesy

Ctr(BT(X+tY)'A) = 260 (BT(X +tY) ' Y(X+ 1Y) 'Y (X +tY) ' A)

dt?

Lor(X+tYAX+1Y)) = tr(YAX + XTAY + 2t YAY)
Ctr(X+tYVWAX+1Y)) = 2tr(YTAY)

a2

Lir(X+tY)A(X+1tY)) = tr(YAX + XAY + 2t YAY)

ﬁtr((XJr tY)A(X+1tY)) = 2tr(YAY)

dt?
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D.2.4 logarithmic determinant

x>0, det X >0 on some neighborhood of X, and det(X+tY)>0 on
some open interval of ¢ ; otherwise, log( ) would be discontinuous. [80, p.75]

Llogr =} Vx logdet X = X7
2 0X— -1, Ty-1\T
Vi logdet(X)u = X —(Xteef X7Y)', confer (1777)(1824)
ki
Llogar™t = —a7! Vx logdet Xt = —X-T
Llogah = px! Vx logdet! X = uX-7

Vy logdet X" = X7
Vx logdet X* = Vy logdet* X = kX~ T
Vylogdet"(X+tY) =pu(X+¢Y) T

V. log(aTe +b) = a—t— | Vyxlogdet(AX+ B) = AT(AX+ B)~T

aTz4b

Vy logdet(l + ATXA) = £A(] + ATXA)"TAT

Vx logdet(X +tY)* = Vxlogdet"(X +tY) = k(X +tY) T
Llogdet(X+tY) =tr (X+tY)'Y)

2 logdet(X+1Y) = —tr (X+1Y)'Y(X+1Y)71Y)
Llogdet(X+tY) ' = —tr (X+tY)'Y)

2 logdet(X+1Y) T =tr (X+1Y)'YV(X+tY)1Y)

4 og det (§(A(z +ty) + a)? + pl)
= tr((3(A(z + ty) + a)® + ul) 26(A(x + ty) + a)5(Ay))
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D.2.5 determinant

Vydet X = Vy det XT = det(X)X T

Vyxdet X7t = —det(X )X T = —det(X)1 X T

Vx det' X = pdet! (X)X T

Vx det X' = pdet(X") X T

Vy det X* = k det* (X) (tr(X)I — X7T) | X c R?*2
Vx det X* = Vy det" X = kdet(X*)X T = kdet" (X)X T

Vxdet!(X+tY) = pdet"(X+tY)(X+tY) T

Vxdet(X+tY)r = Vxdet!(X+tY) = kdet" (X +tY)(X+tY) T
Ldet(X+1Y)=det(X+tY)tr((X+tY)'Y)

2 det(X+1Y) = det(X+ 1Y) (tr2(X+tY)1Y) — tr((X+ 1Y) 1Y(X+1Y)71Y))
Ldet(X+tY)™ =—det(X+¢Y)  r(X+tY)Y)

L det(X+1Y) ™ = det(X+ V) (2 (X+ 1Y) 1Y) + (X + Y)Y (X+1Y)71Y))

Ldet!(X+1Y) = pdet!"(X+tY)tr((X+tY)'Y)

D.2.6 logarithmic

Matrix logarithm.

Llog(X+tY ) =pY (X+tY) 7 = p(X+tY)'Y, XY =YX

Llog(I—tY )W =—pY(I—tY) " =—p(I—tY)"'Y  [199, p.493]
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D.2.7 exponential
Matrix exponential. [75, §3.6, §4.5] [325, §5.4]

Ve ™X) = Vydet eV '™X = (V" X)y (VX,Y)
Vxtre¥X = V" XTyT = yTeXTYT

vxlTeAz — ATeAz

V. 1Tel42l = AT§(sgn(Ax))el 42! (Az); # 0
V. log(1Te®) = ! e”
‘ 1Te”
V2log(1Te?) = —— (§(e®) — —2— c7eaT
L 1Tex 1Tex
k 1 1 k 1
v [l = ¢ (1101
i=1 k\izi
2 17 o F e o1 T
Ve [1af = 1 (1) (5002~ /mse)

%QXthY: eX+tYy — Y€X+tY’ XY =YX

2
Ucll?eX—&-tY — eX—}—tYyQ — Y€X+tYY — Y2€X+tY’ XY =YX

ddejetr(XthY) — etr(X+tY) trj(y)
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