Appendix C

Some analytical optimal results

C.1 properties of infima

o0 (1479)
—o0 (1480)

e Given f(z): X —R defined on arbitrary set X' [148, §0.1.2]

inf f(z) = —sup —f(z)

reX zEX
o (1481)
gsﬁtel)r;f(m) = —inf —f(z)
arg inf f(z) = argsup —f(z)
er red (1482)

argsup f(z) = arg inf —f(z)
TEX reX

e Given f(z): X—R and g(z): X —R defined on arbitrary set X

(148, §0.1.2]
. S .
inf (f(x) +9(2)) = inf f(z) + inf g(2) (1483)
(© 2001 Jon Dattorro. CO&EDG version 2007.10.31. All rights reserved. 951

Citation: Jon Dattorro, Convex Optimization & Fuclidean Distance Geometry,
Meboo Publishing USA, 2005.


http://www.stanford.edu/~dattorro
http://www.convexoptimization.com

952 APPENDIX C. SOME ANALYTICAL OPTIMAL RESULTS

e Given f(z): X U)Y—R and arbitrary sets X and ) [148, §0.1.2]

XCcy= 1161)f{f(:1;) > 12£f($) (1484)
L 7(e) = minfinf f(2), inf f(2)) (1485)
i J@) > max(inf (), nf f@)) (1456)

e Over some convex set C given vector constant y or matrix constant Y

. - _ . B 2
arg inf [lz —ylls = arg inf [l -y (1487)
arg inf || X = Y|le = arg inf |X —Y]fg (1488)

C.2 diagonal, trace, singular and eigen values

e For AcR™" and o(A) denoting its singular values, [46, §A.1.6]
91, §1] (confer(36))

S o(A); = tr/ATA = sup tr(XTA) = maximize tr(XTA)

7 IX[2<1 XeR™"
I X
) o
subject to [ XT T } =0
= % minimize trX +trY

Xes™, yes®

) X A
subject to [AT Y} =0

(1489)
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e For XeS™, YeS" AeCCR™" for set C convex, and o(A)
denoting the singular values of A [91, §3]
%minimize trX +try
AX,Y
A
Y

miniAmize Y o(A);

i

subject to [ XT } =0 (1490)
subject to A€ C A

AeC

o For AcSY and BeR

B trA = maximize tr(XA)
XesN

(1491)
subject to X < (1

But the following statement is numerically stable, preventing an
unbounded solution in direction of a 0 eigenvalue:

imi tr( XA
maximize sgn(5) tr(X A)

subject to X < |B|1 (1492)
X = —=|pld

where §tr A= tr(X*A). If >0, then X >—|5|] «— X >0.

e For AcS" having eigenvalues A(A)€RY, its smallest and largest
eigenvalue is respectively [9, §4.1] [31, §1.6.15] [150, §4.2] [176, §2.1]

min{\(A);} :”inf rTAr = minimize tr(XA4) =

= maximize ¢
z)|=1 xesy teR
subject to tr X =1 subject to A > t[]
(1493)
max{\(A);} = sup z’Az = maximize tr(XA) = minimize ¢
‘ lz|=1 Xes{ teR
subject to tr X =1 subject to A <t[]

(1494)
The smallest eigenvalue of any symmetric matrix is always a concave
function of its entries, while the largest eigenvalue is always convex.
[46, exmp.3.10] For v; a normalized eigenvector of A corresponding to
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the largest eigenvalue, and vy a normalized eigenvector corresponding
to the smallest eigenvalue,

vy = arg Hirnlf rTAx (1495)
z||=1

vy = arg sup ' Ax (1496)
zll=1

e For AcS" having eigenvalues \(A)€ RY, consider the unconstrained
nonconvex optimization that is a projection on the rank-1 subset
(§2.9.2.1) of the boundary of positive semidefinite cone SJI : Defining

A2 max{A(A4);} and corresponding eigenvector v;

minimize [|zz? — A||2 = minimize tr(zz?(27z) — 24xzT + ATA)
AA)? M <0
[k, s .
ACIE = A7, A >0
0, A <0
arg minimize ||z’ — Al|p = L= (1498)
z vivVAL, A >0

Proof. This is simply the Eckart & Young solution from §7.1.2:

0 A <0
T = ’ - 1499
v { AlvlvlT, A >0 ( )

Given nonincreasingly ordered diagonalization A=QAQ? where
A=35(A(A)) (§A.5), then (1497) has minimum value

(QAQT|IE = [6(M)]1?,
2 2
minimize Ha::);T—AH% = A1 0 )(\)1
' Q A7 =] T |-
0 - 0
(1500)
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C.2.0.0.1 Exercise. Rank-1 approximation.
Given symmetric matrix A€ SY, prove:

o = arg minimize |27 — AJ2 (1501)
subject to ||z|| =1

where v; is a normalized eigenvector of A corresponding to its largest
eigenvalue. v

e (Fan) For B€S" whose eigenvalues A(B)€RY are arranged in
nonincreasing order, and for 1<k<N [9, §4.1] [158] [150, §4.3.18]
271, §2] [176, §2.1]

N

ST A(B); = inf tr(UUTB) = minimize tr(XB) (a)
i=N—k+1 UecRNxk Xesy
UTU—T subject to X <X [
trX =k
= maximize (k— N)u+tr(B—2) (b)
neR , Zesy
subject to ul+ 2 > B
k
> A(B); = sup tr(UU'B) = maximize tr(XB) (c)
1=1 UGRNXIC XESf
UTU-T subject to X <X [
trX =k
= minimize kp+trZ (d)
neR , ZesSy
subject to pul +7 =B (1502)

Given ordered diagonalization B=QAQT, (§A.5.2) then optimal
U for the infimum is U*=Q(:, N—k+1:N)eRY¥* whereas
U*=Q(:,1:k)€ RY** for the supremum. In both cases, X*=U*U*".
Optimization (a) searches the convex hull of the outer product UUT
of all N x k orthonormal matrices. (§2.3.2.0.1)



256 APPENDIX C. SOME ANALYTICAL OPTIMAL RESULTS

e For Be S" whose eigenvalues A\(B) € RY are arranged in nonincreasing
order, and for diagonal matrix Y€ S¥ whose diagonal entries are
arranged in mnonincreasing order where 1<k< N, we utilize the
main-diagonal § operator’s self-adjointness property (1245): [10, §4.2]

k
i=1

UERNXk UERNXk
UTu=1 UTu=1
(1503)
k
— mivrjéglNize tr <B ;(TM—THLHQVZ-)
subject to trV; =1, 1=1...k
1>V, =0, i=1...k

where Tyt p41 20. We speculate,

k
S TuMB); = sup tr(YU'BU) = sup (1) 6(UTBU) (1504)
=1 UeRNxk UeRNxk

utu=1 utu=1

Alizadeh shows: [9, §4.2]

k k
& T NB = mipiple, Zimt
subject to ,LLl.[ -+ Zz - (Tii_Ti+1,i+1>B >_' 0, 1=1...
Z; =0, i=1...
k
= imi tr{ B ) (Vi —Tiv1,i11)Vi
maximize r( ;( +1,i+1) )
subject to trV; =1, i=1...k
1=V, =0, i=1...k (1505)
A
where Y11 5+1=0.
e The largest eigenvalue magnitude p of AeSY
max { [A(A); = minimize 1
wc{AA)} = mining o

subject to —pul < A X ul
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is minimized over convex set C by semidefinite program: (confer §7.1.5)

minimize
A

1d est,
1

o

minimize

Al o A
subject to A€ C

= subject to

max {A(A),] , i=1

0

—ul = A =< ul (1507)
AecC

..N}eR, (1508)

e For BeS" whose eigenvalues A\(B) € RY are arranged in nonincreasing
order, let TIA(B) be a permutation of eigenvalues A(B) such

arranged

in  nonincreasing

order: [ITA(B)|y > [ITA(B)|a > --- > |IIA(B)|y. Then, for 1<E<N

that their absolute value becomes
9, §4.3]C'1
k
SIIA(B)|; = minimize kp+trZ
i=1 neR , ZeSy

subject to pul+2Z+ B =0

wl+72—-B*»0

= maximize (B,V—-W)
V,Wwesl
subject to I =V W
tr(V+ W)=k
(1509)

For diagonal matrix Y & S* whose diagonal entries are arranged in
nonincreasing order where 1<k<N

k k
Tu|lIAN(B)l; = ;- tr Z;
2 TulllA(B)] ninimize 3 i + bt
subject to  pl + Z; + (Vi —Yig1:11)B =0, i=1..
wil +Z; — (Yyi—Yip1,01)B =0, i=1..
k
= imi tr( B ) (Vi—Tig1,i00)(Vi = W;
maximize r( ;( +1,i+1) ))
subject to  tr(V; + W;) =1, i=1...k
I'=V, =0, i=1...k
I=W, =0, i=1...k  (1510)

A
where Y11 54+1=0.

C-1We eliminate a redundant positive semidefinite variable from Alizadeh’s minimization.
There exist typographical errors in [218, (6.49) (6.55)] for this minimization.
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e For A,BeS" whose eigenvalues A(A), \(B)€R" are respectively
arranged in mnonincreasing order, and for nonincreasingly ordered

diagonalizations A = W,YW and B = WyAWZ [149] [176, §2.1]
MA)TNB) = sup tr(ATUTBU) > tr(A'B) (1528)

Ue RNXN
UTu=1

(confer(1533)) where optimal U is
U = Wy e RVV (1525)
We can push that upper bound higher using a result in §C.4.2.1:
INA)|TINB)| = sup Retr(ATUYBU) (1511)

Ue CNxN
UHU=TI

For step function ¢ as defined in (1387), optimal U becomes

Ut = Wi /6@OM)) VIEM)) W e (1512)

C.3 Orthogonal Procrustes problem

Given matrices A,BeR™"  their product having full singular value
decomposition (§A.6.3)
ABT 2 UsQT e R (1513)
then an optimal solution R* to the orthogonal Procrustes problem
minimize ||A — R'B||g
R (1514)
subject to RT= R!

maximizes tr(ATRTB) over the nonconvex manifold of orthogonal matrices:

(150, §7.4.8]

R*= QU ¢ R™™ (1515)
A necessary and sufficient condition for optimality
AB'R* = 0 (1516)

holds whenever R* is an orthogonal matrix. [114, §4]
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Solution to problem (1514) can reveal rotation/reflection (§5.5.2, §B.5)
of one list in the columns of A with respect to another list B. Solution
is unique if rank BV =n. [77, §2.4.1] The optimal value for objective of
minimization is

tr(ATA + B'B — 2ABTR*) = tr(ATA) + tr(B"B) — 2tr(USUT)

(1517)

= [|AllF + IBIIF —26(2)"1

while the optimal value for corresponding trace maximization is
sup tr(ATR'B) = tr(ATR*'B) = §(X)"1 > tr(A"B) (1518)
RT—R-1
The same optimal solution R* solves
maximize |4+ R'B

e | I= (1519)

subject to RT'= R™!

C.3.1 Effect of translation

Consider the impact of dc offset in known lists A, B€R™" on problem

(1514). Rotation of B there is with respect to the origin, so better results
may be obtained if offset is first accounted. Because the geometric centers

of the lists AV and BV are the origin, instead we solve
minimize ||AV — RTBV||¢

R (1520)

subject to RT = R™!

where V € SV is the geometric centering matrix (§B.4.1). Now we define the
full singular value decomposition

AVBT 2 UsQ” e R (1521)
and an optimal rotation matrix
R*=QUT e R™™" (1515)
The desired result is an optimally rotated offset list
RTBV + A(I-V)~ A (1522)

which most closely matches the list in A. Equality is attained when the lists
are precisely related by a rotation/reflection and an offset. When R*'B=A
or B1=A1=0, this result (1522) reduces to R**B~ A.
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C.3.1.1 Translation of extended list

Suppose an optimal rotation matrix R*€ R™ " were derived as before
from matrix B€ R™¥, but B is part of a larger list in the columns of
[C B]eR™”M*N where CeR™M. In that event, we wish to apply
the rotation/reflection and translation to the larger list. The expression
supplanting the approximation in (1522) makes 17 of compatible dimension;

R[C-B11"L BV] + A11"% (1523)

id est, C—B117L e R™M and A117% e RVMHY,

C.4 Two-sided orthogonal Procrustes

C.4.0.1 Minimization

Given symmetric A, B€S", each having diagonalization (§A.5.2)

ASQMQT . BEQuA08 (1524)

where eigenvalues are arranged in their respective diagonal matrix A in
nonincreasing order, then an optimal solution [86]

R* = QzQT ¢ RVN (1525)
to the two-sided orthogonal Procrustes problem
miniénize |A — RTBR||r miniénize tr(ATA — 2A"R"BR + B"B)

subject to RT'= R™! subject to RT = R™! (1526)

maximizes tr(ATRTBR) over the nonconvex manifold of orthogonal matrices.
Optimal product R*BR* has the eigenvectors of A but the eigenvalues of B.
(114, §7.5.1] The optimal value for the objective of minimization is, by (40)

1QuAQ% — R QpAsQE R lr = [Qa(Aa—Ap)Qille = [Aa—Aplr  (1527)
while the corresponding trace maximization has optimal value

sup tr(ATR'BR) = tr(ATR*BR*) = tr(AaAp) > tr(A'B)  (1528)
RT—R-1
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C.4.0.2 Maximization

Any permutation matrix is an orthogonal matrix. Defining a row- and
column-swapping permutation matrix (a reflection matrix, B.5.2)

then an optimal solution R* to the maximization problem [sic|

max}%mize |A — RTBR||r

subject to RT'= R7! (1530)
minimizes tr(ATRTBR): [149] [176, §2.1]
R = Qp=Q} € RVN (1531)
The optimal value for the objective of maximization is
HQAAAQZ; - R*TQBAB gR*HF = HQAAAQ}&F - QAETABEQEHF (1532)
= |[Aa — EABE||r
while the corresponding trace minimization has optimal value
inf tr(A"RTBR) = tr(A"R*'BR*) = tr(A4ZARE) (1533)

RT=R-1

C.4.1 Procrustes’ relation to linear programming

Although these two-sided Procrustes problems are nonconvex, a connection
with linear programming [64] was discovered by Anstreicher & Wolkowicz
10, §3] [176, §2.1]: Given A, BeSY, this semidefinite program in S and T

minimize tr(ATRTBR) = maximize tr(S+1T) (1534)
R S,TesN

subject to RT = R™! subject to AT@ B-1®S—-T®I >0
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(where ® signifies Kronecker product (§D.1.2.1)) has optimal objective
value (1533). These two problems are strong duals (§2.13.1.0.3). Given
ordered diagonalizations (1524), make the observation:

inf tr(A"R'BR) = inf tr(AsRTAp R) (1535)
R

because RéQgR @4 on the set of orthogonal matrices (which includes the
permutation matrices) is a bijection. This means, basically, diagonal matrices
of eigenvalues A4 and Ag may be substituted for A and B, so only the main
diagonals of S and 7' come into play;
maximize 175(S + T')
S,TesN (1536)
subject to J(Au ® (EAE) —I®S—-T®I1) >0

a linear program in 6(S) and 6(7") having the same optimal objective value
as the semidefinite program (1534).

We relate their results to Procrustes problem (1526) by manipulating
signs (1481) and permuting eigenvalues:

maxliqmize tr(ATRTBR) = minimize 176(S+ T)

S, TesSN
subject to RT= R™! subject to J(I @S+ T QI — A ®Ag) =0
= minimize tr(S+T) (1537)
S, TeSN

subject to IT@S+T®I—-AT® B >0

This formulation has optimal objective value identical to that in (1528).

C.4.2 Two-sided orthogonal Procrustes via SVD

By making left- and right-side orthogonal matrices independent, we can push
the upper bound on trace (1528) a little further: Given real matrices A, B
each having full singular value decomposition (§A.6.3)

A2US,QF e R™™ | BE2U,Y,QL € R™" (1538)
then a well-known optimal solution R*, S* to the problem
minimize ||A — SBR||r
R,S

subject to R = R! (1539)
SH: S—l
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maximizes Retr(ATSBR): [238] [215] [38] [144] optimal orthogonal matrices
S*= U e R™™  R*=(QpQf c R™™ (1540)

[sic] are not necessarily unique [150, §7.4.13] because the feasible set is not
convex. The optimal value for the objective of minimization is, by (40)

IUAZAQ4 — S*UpEpQp Rillr = 1Ua(34 — Zp)Q4 Il = 34— Spllp  (1541)
while the corresponding trace maximization has optimal value [31, §I11.6.12]

sup | tr(ATSBR)| = sup Retr(ATSBR) = Retr(ATS*BR*) = tr(X13;) > tr(ATB)

RH=R-! RH_p-1

SH:S_1 Sst—l (1542)
for which it is necessary
ATS*BR* = 0,  BRA™S* = 0 (1543)

The lower bound on inner product of singular values in (1542) is due to
von Neumann. Equality is attained if UffUz=1 and QHQ,=1.

C.4.2.1 Symmetric matrices

Now optimizing over the complex manifold of unitary matrices (§B.5.1),
the upper bound on trace (1528) is thereby raised: Suppose we are given
diagonalizations for (real) symmetric A, B (§A.5)

A=W, YW € S", 5(T) € Km (1544)
B=WyAWg €S",  §(A) € Kum (1545)

having their respective eigenvalues in diagonal matrices T, A € S" arranged
in nonincreasing order (membership to the monotone cone Ky (377)). Then
by splitting eigenvalue signs, we invent a symmetric SVD-like decomposition

A2US,QY es", B2R2US,QF es” (1546)

where Uy, U, Qa , Qp € C™*™ are unitary matrices defined by (confer §A.6.5)
U 2 WAVEWOM)) . Q2 WEREM))" . Si=[T]  (1547)

Us 2 Ws/B(00A)) . Qs 2WeV/6WEM))", Ss=|A]  (1548)
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where step function v is defined in (1387). In this circumstance,
S* = U = T e Cc (1549)

optimal matrices (1540) now unitary are related by transposition. The
optimal value of objective (1541) is

IUZAQA — S UsEpQp R¥[le = || [T] — A | (1550)
while the corresponding optimal value of trace maximization (1542) is

sup Retr(ATSBR) = tr(|Y]|A]) (1551)

C.4.2.2 Diagonal matrices

Now suppose A and B are diagonal matrices
A=T=6(")eS", §(T)e Ku (1552)
B=A=§A)eS", §(A) € Ku (1553)

both having their respective main diagonal entries arranged in nonincreasing

order:
mirll%inslize |IT — SAR|p

subject to Rf = R™! (1554)
SH: S—l

Then we have a symmetric decomposition from unitary matrices as in (1546)
where

U2 VoG, Qu2Ve@@EM)", Sa=IT| (1555
Us 2 Vo(6A)) . Qs 2 VoG, Sp=[A]  (1556)

Procrustes solution (1540) again sees the transposition relationship
S* = QU = T e C™" (1549)
but both optimal unitary matrices are now themselves diagonal. So,

SAR" = 5(4p(6(71)))A0((6(A))) = (¢ (3(T)))IA| (1557)



